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Abstract

While it is straightforward to formulate constraints which ensure a cubic polynomial is
monotonic on an interval, such constraints may not be in a form which is suitable for use
with standard optimization techniques and software. The MATLAB*[2] package is typi-
cal: the required constraints are a series of simultaneous inequalities. In what fol1ows,
two simultaneous algebraic inequalities on the coefficients of a cubic polynomial are
shown to be necessary and sufficient to assure monotonicity on an interval. This
transformation of interval constraints to simultaneous algebraic constraints requires the
application of basic logic and analysis. The constraints are applied to a problem arising in
analyzing the performance of several video quality measurement models [4].

1. Introduction

The monotonicity of a differentiable function on an interval is equivalent to a condition
on its derivative over the interval, namely the derivative must not change sign at any
point. For polynomials, this condition over the interval is equivalent to conditions at the
end points and inflection points in the interval, namely the derivatives at all such points
must have the same sign. In the case of a cubic polynomial the sole inflection point can
be expressed in a closed algebraic form and monotonicity is shown to be equivalent to a
pair of algebraic inequalities on the coefficients of the polynomial. In this form,
monotonicity is readily incorporated as a constraint in classical optimization techniques
and available scientific software.

A number of investigators have considered monotonic regression, particularly for splines.
Andersson and Elfving [1] have studied monotone interpolation and approximation by
cubic splines. Ramsay [3] has considered spline-based monotonic regression. In the case
of cubic polynomials, there does not appear to be a basic package for monotonic
regression. This paper describes a mathematical formulation of the constraints which
enables the use of available software to solve the cubic problem.

This study in low order fitting arises from a quality measurement problem. In recent
years, as digital imaging and video technology has replaced analog systems, much
attention has been focused on measures of video and image quality. The main new
impetus for such attention is the use of lossy compression techniques to reduce data rates.
Lossy means data is not recoverable. Such losses are hopeful1yimperceptible.

In an international comparison of video quality measurement computational models, the
computed results are to be compared with the results of subjective tests [4]. The
measurements for such subjective assessment may saturate at the extremes of the scale.
The design of the test permits non-linear adjustments of the computed results. These
"adjustments" include remapping the computed (or "objective") data with (among other
functions) a monotonic cubic polynomial which best fits the objective and subjective

* This article refers to commercial products by name in order to specify the means by which the computed
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nor is it an endorsement.
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